Abstract -This article presents an analytical and numerical investigation of the failure loads, successive failures and failure modes of laminated beams. Two simulations were developed to model various composites behaviours under transverse static loading. Progressive failure analysis has been carried out in linear and elastic range. For the two simulations, the first order shear deformation theory with shear correction factor and the finite element method have been used respectively. The main objective of this paper is to evaluate the overall damage and successive failure for different laminates obtained by failure criteria and then to conduct a comparative study of the commonly used failure criteria. Various failure criteria have been studied to predict the load, when the weakest lamina fails under flexural bending test. After the failure of the weakest ply, the stiffness is reduced to account for fibre or matrix failures. The failure criteria are tested with various stiffness reduction models. Comparisons are made between the failure loads, successive failures, failure modes, macroscopic curves and the total behaviour curves obtained by the various failure criteria used.
Introduction
Currently, composite materials are largely used in a majority of the industrial sectors in a current way. However, a substantial effort is still needed for their optimal use. Dimensioning tools must be effective, reliable and precise to improve design optimisation. An alternative to facilitate the analysis of failure behaviour of composite materials consists in using failure criteria. These criteria are largely used in the commercials finite elements codes for the dimensioning of the composites materials. However, the problem of the choice of the appropriate criterion to predict failure has not received enough interest. Indeed, a great number of formalisms exist [1] [2] [3] and new or simply modified ones are still published [4] [5] [6] . The choice among these formalisms is difficult because of their diversity and because they must be validated by biaxial tests which are both expensive and difficult to realize [3] [4] [5] [6] [7] .
In this work, we propose to study three types of formalisms representative of the great families of failure criteria; 1. non interactive failure criteria such as the maximum stress and the maximum strain; 2. interactive failure criteria such as Tsai Hill and the well now Tsai Wu cria Corresponding author: j.echaabi@ensem-uh2c.ac.ma teria; 3. finally, failure criteria which take into account physical considerations such as Hashin and Hart-Smith criteria.
In this study, we use the laminates theory with transverse shearing taking account of the coefficients of shearing and the finite element method. An analytical and a numerical simulation were developed to model the progression of damage. In general, after the first failure and for some configurations, the laminate can still support efforts which depend on its nature and the type of the stress in action. Several authors have developed approaches to relate the state of damage to the principal characteristics of the material [8, 9] . Thereafter, the total discount and the limited discount methods for the reduction of the coefficients of the matrix of rigidity are used. For certain configurations, the three points bending test makes it possible to highlight how a material is degraded gradually until the final failure [10, 11] . For this effect, we carry out the simulation of three points bending test on standardized specimens [12] . The failure loads, the successive failures, the failure modes, the progression of the damage, the effects of the geometrical parameters of the specimens and of the stacking sequences were studied.
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Constitutives equations
The formalism used in this work is based on the laminates law with transverse shearing and take account of the coefficients of correction. The constitutive equation is written in the following form:
N ij , Q x and Q y are the resulting forces and M ij are the resulting moments. A ij , B ij , D ij (i, j = 1, 2, 6) and F ij (i, j = 4,5) are the matrices of rigidity of the laminate, with:
where Q ij and C ij are the expressions for the reduced stiffness apart from its principal axes, h k and h k−1 are, respectively, the distances of the higher and lower interfaces of the layer k from the center of the laminate ( Fig. 1 ) and K i is the correction coefficient of shearing.
Failure criteria
The failure of composite materials can be treated from the microscopic or macroscopic point of view. The analysis of composites at the microscopic level is difficult and complex to model. The macroscopic behaviour modelling begins from the data of load displacement of a specimen subjected to a test. The majority of the failure criteria are phenomenological, in the sense that they are not deduced from a micromechanical analysis. Consequently, they can be accepted or rejected only by comparison with experimental data. The failure criteria applied to composite materials are difficults to formulate because these later have a structural and material complexity. A simple criterion cannot model with precision the failure of composites. It is thus necessary to increase his complexity but at the same time it becomes more difficult to implement. In practice, each criterion is used for particular experimental results. Until date, there is no general and systematic approach to describe failure of composite materials. The validity of the failure criteria is discussed in general according to various aspects: linear and nonlinear effects, failure modes and their interaction, the effect of shearing and the type of the laminate etc. More researches are necessary in particular on the failure modes and their interaction. One of the objectives of our work consists in validating the reliability and the precision of the most answered failure criteria;
1. Non interactive criteria such as the maximum stresses and the maximum strains ones whose mechanisms of longitudinal, of transverse or of shearing occur independently. The failure stresses and the failure modes are predicted. But only the linear behaviour is described. These criteria over-estimate the failure stresses in the corners of the rectangle (failure envelope). 2. Interactive criteria such as Tsai Hill and Tsai Wu ones: the failure stresses are predicted but the failure modes cannot be predicted. The problem in the application of Tsai Wu criterion is the determination of the coefficients of interaction. Several methods were proposed to evaluate these coefficients. In our case, the following equation:
is used to calculate the coefficients of interaction. These criteria cannot correctly describe the complexity of the failure of composite materials. However, they can be used in practice, when their precision is satisfactory and that no other method is valid. 3. A number of criticisms [3] were formulated by Hashin [13] and recently by Hart-Smith [14] about the limitations and the problems encountered when using the interactive failure criteria. Hashin has developed for transversally isotropic unidirectional laminates a quadratic polynomial criterion which takes into account physical considerations. Four distinct failure modes are considered separately. Two important items were discussed by this criterion, the incorporation of the failure modes by proposing for each mode an equation and the possibility of interaction of the stress. Until now, the matrix failure modes remains difficult to model.
The method of Hart-Smith is based on the criterion of the maximum shear stress in the space of the strains. The originality of the work of Hart-Smith is not in the choice of the criterion of maximum shear stress, which was used previously nor in its criticism of the traditional criteria which had been announced by some authors, but rather in the incorporation of the physical considerations. The criterion is derived for strong, stiff fibres embedded in a soft matrix and its validity is restricted to fibre dominated failure. To account for other failure modes, Hart-Smith truncated the failure envelopes. A comparison with the experimental results is still necessary to conclude on the reliability and the general information of this approach.
Analytical results and discussion
The present study uses a graphite epoxy AS1/3052 specimens. The failure stresses parameters are presented in Table 1 . Six rectangular specimens are used to study the influence of the stacking sequence and the effects of the geometrical characteristics of specimens on the successive failure. Table 2 illustrates the geometrical characteristics and the stacking sequences of the test-specimens. The dimensions are those recommended by ASTM specifications. In the first part of this work, an analytical study of successive failure and failure modes is presented. The theory of laminates with transverse shearing taking into account the coefficients of shearing correction is used. A finite element method is used in the second part. The objective is to evaluate the results obtained by the failure criteria used in the various specimens and to elaborate a comparative study between these criteria.
The evaluation of the stress and the strain fields makes it possible to determine the first time when failure is reached; the failure criterion is satisfied. The program elaborated detects the failure position and the corresponding ply. Then the corresponding coefficients in the matrix of stiffness of the layer are then modified. A new analysis is made with a modified stiffness matrix [ABCD] .
The analytical results obtained by the six failure criteria used are represented in the form of tables. The latter clearly shows the failure succession, the failure loads, displacements and the position of each failure. The study is made on the first eight successive failures with two models of stiffness reduction: 1. total discount method; 2. limited discount method.
1. In the total discount method, the stiffness and strength of a failed ply are reduced to zero, although the ply is still physically present. The analysis of the results obtained with this approach enables us to make the following conclusions.
For all the specimens, the results of successive failures are presented in Tables 3 and 4 . For type A specimens, all the failure criteria give the same predictions (successive failures, load and displacement at failure). All the failures observed in the 32 plies show that, before the failure occurred in the 0
• ply, no difference between the predictions of the five criteria is observed. A light divergence was noted on the level of the breaking loads of the 0
• ply (Tab. 5). After this macroscopic failure, a weak difference was noticed between the various predictions.
For type B specimens, the failure succession is identical for the maximum strain, maximum stress, Tsai Hill and Hashin criteria. A small difference between their breaking loads was observed. The first three failures obtained by Tsai Wu are identical to those predicted by the others criteria. Hart-Smith always predicts alternate successive failures. However, the others criteria predict almost the same macroscopic breaking loads (Tab. 5). A disparity was noted between the predictions of the five For type C specimens, a good correlation for the successive failure is observed with the maximum stress, maximum strain and Hashin criteria, but with different breaking loads (Tab. 6).
For type D specimens, it appears that there is a notable difference between the predictions of the six failure criteria. For the laminates of the type D (mixture of 0
• and 45
• ), It is impossible to distinguish between the results obtained for the six failure criteria. This type of laminates tends to have a uniform distribution of rigidity along the thickness compared to types A and B laminates. The criterion of Hashin predicts breaking loads larger than those obtained by the maximum stress criterion (Tab. 6).
For type E and F specimens, all the failure criteria predict the first failure in the same ply (ply 3) with a small differences between the values of the breaking loads (Tab. 7). Confrontation between the successive failures obtained by the six criteria shows that there is a great disparity between them. As a conclusion of this part, a very small variation in the results of the specimen A, B and C was observed. The maximum stress and Hashin criteria lead practically to identical predictions for the first three specimens.
For the specimens D, E and F, it is difficult to distinguish between the predictions obtained by the six failure criteria.
2. The limited discount approach considers the stiffness reduction dependent on the failure mode in action. Only failure criteria allowing the prediction of the failure modes can be used. For that, only the maximum stress, the maximum strain and the Hashin criteria are used. In this method of stiffness reduction, the failure succession, the breaking loads and the ply where failure occurred are predicted but also the failure modes. If the rupture occurs by fibre, the total discount approach is applied and if the rupture occurs by matrix cracking, two cases were treated; 1. in the first case, all the components of the matrix of rigidity of the resin are reduced to zero; 2. in the second one, the matrix of rigidity remains unchanged. The analysis of the results obtained for the two cases of reduction of the matrix of rigidity, makes it possible to draw the following remarks:
A good correlation between the successive failure and the failure modes is obtained for the specimens A, B and C.
The breaking loads of the specimen A are practically identical for the three failure criteria;
The breaking loads of the specimen B and C are of the same value for the maximum stress and for Hashin criteria and are slightly larger than those predicted by the maximum stress criterion.
It is impossible to distinguish between the successive failures obtained with the specimens D, E and F.
According to position of failure, one notes that there is a uniform distribution of rigidity along the thickness for the specimens D, E and F. For the same specimens, the Hashin and the maximum stress criteria predict the same macroscopic breaking load in the second case of stiffness reduction.
The macroscopic breaking loads (failure of 0 • ply) obtained for the second case of stiffness reduction are slightly larger than those predicted with the first case. The approach of the limited discount of rigidity does not have a great influence on the successive failures, but it increase the breaking loads.
The total behaviour can be regarded as parameter of comparison between the failure criteria. The total or cumulative curve is the superposition of the curves of various loadings after each failure. family of the studied specimens. These curves show the maximum loads at the final failure of the laminate. This cumulative charge is the sum of the increments of the forces necessary to produce a failure in each layer. It appears that the cumulative curves obtained with the second case of stiffness reduction are almost confused. What shows that the failure criteria used predict the same total behaviour and consequently the same flexural rigidity.
Numerical results and discussion
A data-processing program based on the finite element method was elaborated within our laboratory to simulate the deflection of the specimens. The element used is a solid with eight nodes. The classical formulation in terms of the deformation is used. Information necessary for the calculation is the number of groups to calculate the stiffness matrix and each group consists of a set of layers.
The convergence is studied while decreasing the number of ply by group until even two elements by ply. The results mentioned in the article are gotten for one element by ply through the thickness of the specimen. A grid where the density was increased in the central part of the specimen was adopted. The evaluation of the stress and the strain fields makes it possible to determine the minimum loading for which a failure is reached in an element. When failure is reached in the most constrained element, its rigidity will be reduced. The results are saved at each stage and then make it possible to follow the evolution of the failure behaviour. To predict the failure with this computer code, we were interested in the most used failure criteria in the commercial software: the Tsai-Wu 3d criterion which, in general, under estimate the breaking load and the maximum stress and the maximum strain criteria. The results obtained by this analysis were compared with those of the analytical method.
The results for successive failures and first ply failure load obtained with the three criteria used are respectively presented in Tables 8 and 9 . For specimen A, the failure criteria used give practically the same successive ruptures. An attentive look of all the results, shows that there are small divergences between the successive failure when the damage is important. The plies where failure takes place obtained by this analysis are not in agreement with those obtained by the analytical approach. Some difference was noted on the level of the breaking loads. The Tsai Wu criterion under-estimates slightly the load of the first rupture. For the specimen B, the succession of failure is identical between Tsai Wu and the maximum stress criteria. For these last two criteria, the ply 90
• , which is in the bottom of the specimen, are broken first. On the other hand, the criterion of the maximum strain predicts a failure succession different from that of the others criteria. Indeed, the failure alternate between the plies 90
• and 0
• of the bottom of the specimen. The maximum strain criterion predicts the maximum load of the first rupture and the criterion of Tsai Wu the minimal load. For the specimen C, the maximum strain criterion predicts a failure succession different from that predicted by the two others criteria. The first four ruptures obtained by the three criteria are practically identical. The criterion of the maximum stress predicts the maximum loads whereas Tsai Wu criterion predicts the minimal forces. For the specimen D, the successive failure obtained by the three failure criteria are largely different. According to the positions of the ruptures, we notice that this laminate has a uniform distribution of rigidity along the thickness. For the specimen E and F, all the failure criteria predict the same successive failures but in different orders. For the two l/h ratios, the area of failure initiation is the same. Indeed, the failure starts in bottom of the specimen and is propagated to the top. The maximum strain predicts the maximum loads for the two specimens.
Conclusion
For the symmetrical cross ply laminates (0 • and 90
• plies), all the failure criteria used predict almost identical successive failures and a small difference was observed between the breaking loads. In the approach of the limited discount, without reduction of the rigidity of the matrix, the macroscopic breaking loads obtained with the majority of the failure criteria are identical for angle ply laminates formed with 45
• , −45 • and 0
• plies. These laminates have an uniform distribution of rigidity along the thickness. Consequently, it is difficult to distinguish between the predictions obtained with the failure criteria. In the majority of the cases, Hashin criterion predicts the largest breaking loads and the Tsai Wu one the smallest forces. The whole of the results obtained with all the approximations suggested, highlights the difficulty to predict the failure loads and the successive failures. The results depend on the criterion used.
For all the failure criteria used, the eight first successive failures occur in the same plies but the order is different. It is noticed also that the difference in the results obtained by the various criteria depends crucially on the stacking sequences. This difference is the smallest for cross ply laminates containing the 0
• ply in the centre of the specimen. For angle ply laminates containing 45
• plies, the criteria used give largely different results. Then the choice of the criterion has a substantial influence on the results of the dimensionnning. This study shows that the dimensioning of the composites by failure criteria remains an open problem. Experimental, analytical and numerical studies are still necessary to highlight the suitable criteria for each type of laminates; stacking sequences and materials.
